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f− BIHARMONIC NORMAL SECTION CURVES

FEYZA ESRA ERDOĞAN∗, SELCEN YÜKSEL PERKTAŞ, AND GÜLISTAN POLAT

Abstract. In this paper, We study f− biharmonic and bi−f harmonic normal section

curves. We have obtain sufficient and necessary conditions to be f− biharmonic and bi−f−

harmonic of a 3 - planar normal section curve.

1. Introduction

During the examination of the geometry of submanifolds, the classification of submanifolds

has a great importance in applications. While classifying the submanifolds, many authors

take advantage of distributions on the submanifolds.

Then, they try to simplify the carrying out operations by imposing totally geodesic, totally

umbilical and totally integrability conditions and search for the characteristics of submani-

folds. This is a functional method though, it is time consuming in practice. The most basic

and simplest method for studying submanifold geometry is to study on the curve. In this

respect, Chen ([1],[3]) described the normal section curves and used such curves to examine

the geometry of submanifolds. Chen ([1],[2]), Kim ([4],[5],[6]) and Li and Chen [1] etc.
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created classification of submanifolds with the concept of a normal section curve. On the

other hand the first comprehensive study of harmonic convergence between Riemannian

manifolds was conducted by Eells and Sampson [7]. Then harmonic convergence shed light

on many geometers ([14],[9],[11]), a great number studies have been carried out in this area

and have been one of the areas of great interest until today. Harmonic transformations are

related to variational calculation.

This calculation requires studying with the most appropriate selected objects. This situa-

tion is that the appropriate function selected for roughly harmonic convergence equals zero at

the appropriate point. From this point of view, it is known that the critical points of the vari-

ation functionalities of harmonic convergence identify geodesic curves and minimal surfaces.

Therefore, variations of the harmonic convergence of Riemannian manifolds are investigated

by identifying connections on the energy and tension of convergence, cotangent space and

pull- back tangent bundle in order to study on harmonic convergence of Riemannian man-

ifolds. Eells and Lemaire [14] proposed a k− harmonic convergence in 1993. For k = 2,

Jiang[8] obtained the variation formulas of such convergence. Today, these convergence are

called biharmonic convergence.

As a generalization of harmonic maps, biharmonic maps between Riemannian manifolds

were introduced in [15]. Chen [16] defined biharmonic submanifolds of the Euclidean space

and stated a well-known conjecture: Any biharmonic submanifold of the Euclidean space is

harmonic, thus minimal.

Harmonic maps between Riemannian manifolds were first introduced and studied by Lich-

nerowicz in 1970 (see also [23]). He has also some physical meanings by considering them as

solutions of continuous spin systems and inhomogenous Heisenberg spin systems [22]. More-

over, there is a strong relationship between f−harmonic maps and gradient Ricci solitons

[19].

Biharmonic maps and f−harmonic maps can be associated in two different ways. The

first way put forward by Zhao and Lu [20] by following the concept of biharmonic maps.

The authors extended bienergy functional to bi−f−energy functional and obtained a new

type of harmonic maps called bi−f−harmonic maps. This idea was already considered by

Ouakkas, Nasri and Djaa [18]. The second way is that to extend the f−energy functional

to the f−bienergy functional by following the definition of f−harmonic map, and obtain

another type of harmonic maps which are called f−biharmonic maps as critical points of

f−bienergy functional. As a generalization of biharmonic maps, f−biharmonic of maps was
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introduced by Lu [17]. A differentiable map between Riemannian manifolds is said to be

f−biharmonic if it is a critical point of the f−bienergy functional defined by integral of f

times the square-norm of the tension field, where f is a smooth positive function on the

domain. If f = 1, then f−biharmonic maps are biharmonic. To avoid the confusion with the

types of maps called by the same name in [18] and defined as critical points of the square-

norm of the f−tension field, some authors (see [17], [21]) called the map defined in [12] as

bi−f−harmonic map.

2. Preliminaries

2.1. Normal Section Curves and Curvatures on Riemannian Manifolds

Let γ : I ⊂ R → Em be a unit speed curve in Em. The curve is called Frenet curve of

osculating order r if its higer order derivatives γ′(s), γ′′(s), ..., γ(r)(s) are linearly independent

and γ′(s), γ′′(s), ..., γ(r+1)(s) linearly dependent, for all s ∈ I. For each Frenet curve of

osculating order r, one can associate an orthonormal r−frame v1, v2, ..., vr along γ such that

the Frenet formulas defined by in the usual way

T ′(s) = v1(s) = k1(s)v2(s),

v′2(s) = −k1(s)T (s) + k2(s)v3(s),

... (2.1)

v′i(s) = −ki−1(s)vi−1(s) + ki(s)vi+1(s),

v′i+1(s) = −ki(s)vi(s),

where k1, k2, ..., kr−1 are called the Frenet curvatures. LetM be a differentiable n−dimensional

submanifold in (n+ r)− dimensional Euclidean space En+r. If each normal sections γ of M

is a W−curve of rank r in M then M is called weak helical submanifold of order r. If each

r−planar normal section is a geodesic then the submanifold M is said to have geodesic nor-

mal sections. For every geodesic normal sections of M if it is a W−curve of rank r in M is

called weak geodesic helical submanifold of order r [13]. Assume that γ is a normal section

curve of a differentiable n− dimensional submanifold M in En+2 and M has 3-planar normal
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sections. Then by using Frenet formulas given by (2.1) we write

γ′(s) = T (s) = v1(s),

γ′′(s) = k1(s)v2(s),

γ′′′(s) = −k1(s)T (s) + k′1(s)v2(s) + k1(s)k2(s)v3(s),

γ(ıv)(s) = (−3k1(s)k′1(s))T (s)

+(k
′′
1 (s)− k3

1(s)− k1(s)k2
2(s))v2(s)

+(2k′1(s)k2(s) + k1(s)k′2(s))v3(s).

(2.2)

Hence, from (2.2)if we suppose M has 3-planar normal sections, we find
k3

1(s)(2k′1(s)k2(s) + k1(s)k′2(s)) = 0,

k1(s)k′1(s)((2k′1(s)k2(s) + k1(s)k′2(s)) = 0,

k1(s)k′1(s)((k
′′
1 (s)− k3

1(s)− k1(s)k2
2(s)) + 3k4

1(s)k′1(s) = 0,

(2.3)

for all s ∈ I.

2.2. f - Biharmonic and Bi-f -harmonic maps between Riemannian manifolds

Let (M, g) and (N,h) be Riemannian manifolds and Ψ : (M, g) −→ (N,h) be a smooth map.

The tension field of Ψ is given by τ(Ψ) = trace5 dΨ, where 5dΨ is the second fundamental

form of Ψ defined by

5dΨ(X,Y )= 5Ψ
XdΨ(Y )−dΨ(5M

X Y ) (2.4)

∆ΨV = −
m∑
i=1

{
∇Ψ
ei∇

Ψ
eiV −∇

Ψ
∇M

ei
ei
V
}
, V ∈ Γ

(
Ψ−1TN

)
(2.5)

where ∇Ψ is the pull-back connection on the pull-back bundle Ψ−1TN and {ei}mi =1 is an

orthonormal frame on M. Let M be a Riemannian manifold and γ : I →M be a differentiable

curve parameterized by arc length. By using the definition of the tension field, we have

τ(γ) ≡ ∇γ∂
∂s

dγ

(
∂

∂s

)
= ∇TT, (2.6)

where T = γ′. In this case biharmonic equation [7] for the curve γ reduces to

∇3
TT −R (T,∇TT )T = 0, (2.7)

that is, γ is called a biharmonic curve if it is a solution of the equation (2.7).

The map Ψ is a f -harmonic map with a differentiable function f : M → R, if it is a

critical point of f -energy

Ef (Ψ) =
1

2

∫
Ω

f |dΨ|2 dvg, (2.8)
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where Ω is a compact domain of M . The Euler-Lagrange equatiom of Ef (Ψ) is,

τf (Ψ) = fτ(Ψ) + dΨ(gradf) = 0, (2.9)

where τf (Ψ) is the f−tension field of Ψ. The map Ψ is said to be f -biharmonic, if it is a

critical point of the f -bienergy functional

E2,f (Ψ) =
1

2

∫
Ω

f |τ(Ψ)|2 vg (2.10)

where Ω is a compact domain of M . The Euler-Langrange equation for the f−bienergy

functional is given by

τ2,f (Ψ) = fτ2(Ψ) + ∆fτ(Ψ) + 2∇Ψ
(gradf)τ(Ψ) = 0, (2.11)

where τ2.f (Ψ) is the f -bitension field of Ψ. If an f -biharmonic map is neither harmonic

nor biharmonic then we call it by proper f -biharmonic and if f is a constant, then an

f -biharmonic map turns into a biharmonic map.

Bi-f -harmonic maps Ψ : (M, g) −→ (N,h) between two Riemannian manifolds are critical

points of the bi-f -energy functional:

Ef,2(Ψ) =
1

2

∫
Ω

|τf (Ψ)|2 vg, (2.12)

where Ω is a compact domain of M . The corresponding Euler-Lagrance equation is

τf,2(Ψ) = −trace(∇Ψf(∇Ψτf (Ψ))− f∇Ψ
∇M τf (Ψ) + fRN (τf (Ψ), dΨ)dΨ) = 0, (2.13)

where τf (Ψ) is the f -tension field of Ψ. τf,2(Ψ) is called the bi-f -tension field of the map Ψ.

3. f - Biharmonic and bi-f -harmonic Normal Section Curves

An important special case of f - biharmonic maps is an f - biharmonic curve. Let γ = γ(s)

be a differentiable curve on N parameterized by arclength s ∈ (a, b), where a, b ∈ R. Then,

putting e1 = ∂
∂s as an orthonormal frame on ((a, b)), ds2), we write dγ(e1) = dγ( ∂∂s) = γ′.

Thus, the tension field of the curve is given by

τ(γ) = ∇γe1dγ(e1) = ∇Nγ′γ′. (3.1)

It is also easy to see that for a function f : (a, b) → (0,∞), ∆f = f ′′ and ∇γgradfτ(γ) =

f ′∇Nγ′∇Nγ′γ′. If we put them in the f -biharmonic map equation,

f(∇Nγ′∇Nγ′∇Nγ′γ′ −RN (γ′,∇Nγ′γ′)γ′) + 2f ′∇Nγ′∇Nγ′γ′ + f ′′∇Nγ′γ′ = 0 (3.2)

the biharmonicity equation of γ is obtained (see [9]).
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Let Nn(c) be a Riemannian space form and γ : (a, b)→ Nn(c) be a curve with arclength

parametrization. Let {Fi, i = 1, 2, ..., n} be the Frenet frame along the curve γ(s), which is

obtained as the orthonormalisation of the n−tuple {∇(k)
∂
∂s

dγ( ∂∂s) | k = 1, 2, ..., n}. Then we

have the following Frenet formula along the curve γ given by

∇γ∂
∂s

F1 = k1F2,

∇γ∂
∂s

Fi = −ki−1Fi−1 + kiFi+1, ∀i = 2, 3, ..., n− 1, (3.3)

∇γ∂
∂s

Fn = −kn−1Fn−1,

where {k1, k2, ..., kn−1} are the curvatures of γ. Using the Frenet formulas one finds the

tension and the bitension fields of γ, respectively, as follows:

τ(γ) = ∇Nγ′γ′ = k1F2, (3.4)

τ2(γ) = −3k1k
′
1F1 + (k′′1 − k1k

2
2 − k3

1 + k1c)F2 (3.5)

+(2k′1k2 + k1k
′
2)F3 + k1k2k3F4. (3.6)

Substituting these into the f -biharmonic curve equation (3.2) and comparing the coeffi-

cients of both sides we say that γ is an f -biharmonic curve if and only if

3k1k
′
1f + 2f

′
k2

1 = 0,

fk′′1 − fk3
1 − fk1k

2
2 + fck1 + 2f

′
k′1 + f ′′k1 = 0,

fk
′
1k2 + f(k1k2)′ + f ′k1k2 = 0,

k1k2k3 = 0,

(3.7)

(for details, we refer [9]).

Case 3.1. If k1 = constant 6= 0, then the first equation of (3.7) implies that f is constant

and the curve γ is biharmonic. Also, if k2 = constant 6= 0, then the first and third equations

(3.7) imply that f is constant and thus the curve γ is biharmonic again.

Case 3.2. If k1 = constant 6= 0 and k2 = 0, then the f -biharmonic curve equation (3.7) is

equivalent to  f
′
k2

1 = 0,

−fk3
1 + fck1 + f ′′k1 = 0.

(3.8)

Here we conclude

Theorem 3.1. If k1 = constant 6= 0 and k2 = 0, then γ is an f -biharmonic curve if and

only if f is a non-zero constant function and γ is a curve with k1 =
√
c.
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Case 3.3. If k1 = constant 6= 0 and k2 = constant 6= 0. In this case the f− biharmonic

curve equation (3.7) is equivalent to
f
′
k2

1 = 0,

fk3
1 + fk1k

2
2 − fck1 = 0,

k3 = 0.

(3.9)

Then we give the following conclusion

Theorem 3.2. If k1 = constant 6= 0 and k2 = constant 6= 0, then γ is an f -biharmonic

curve if and only if f is a non-zero constant function, γ is a helix and k3 = 0.

Case 3.4. If k1 6= constant and k2 = constant 6= 0. In this case from the f -biharmonic

curve equation (3.7) we obtain that f = 0, which is impossible.

So we have

Theorem 3.3. If k1 6= constant and k2 = constant 6= 0, there does not exist an f-biharmonic

curve.

Case 3.5. If k1 6= constant and k2 6= constant, then the system (3.7) is equivalent to

f2k3
1 = c2

1,

(fk1)′′ = fk1(k2
1 + k2

2 − c),

f2k2
1k2 = c2,

k3 = 0.

(3.10)

Solving the first equation of (3.10), we find f = c1k
−3/2
1 .Substituting the first equation

into the third one in (3.10) we have k2/k1 = c3 . Therefore, we conclude that

Theorem 3.4. If k1 6= constant and k2 6= constant, then γ is a f -biharmonic curve if and

only if f = c1k
−3/2
1 , k2/k1 = c3, k3 = 0.

Now we shall examine necessary and sufficient conditions for a normal section curve γ

to be f - biharmonic in the Riemannian space form N(c). Note that we concentrate on

non-geodesic cases:

Theorem 3.5. Let M be an n−dimensional submanifold of Riemannian space form N(c),

(dimN = (n+ 3)) and γ be the normal section curve of M with k1 = constant 6= 0, k2 = 0.

Then M has planar normal sections if and only if the normal section curve γ of M is an

f−biharmonic curve satisfying f is a non-zero constant function and k1 =
√
c.
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Theorem 3.6. Let M be an n-dimensional submanifold of Riemannian space form N(c),

(dimN = (n + 3)) and γ be the normal section curve of M with k1 = constant 6= 0 and

k2 = constant 6= 0.Then M has planar normal sections if and only if the normal section

curve γ of M is an f− biharmonic curve satisfying f is a non-zero constant function and

k2
1 + k2

2 = c, k3 = 0.

Theorem 3.7. Let M be an n−dimensional submanifold of Riemannian space form N(c),

(dimN = (n + 3)) and γ be the normal section curve of M with k1 6= constant and k2 6=

constant. Then M has planar normal sections if and only if the normal section curve γ of

M is an f− biharmonic curve satisfying f = c1k
−3/2
1 and k2/k1 = c3, k3 = 0.

Next we shall investigate bi−f−harmonicity of planar normal sections curves.

Let γ : I →M(c) be a differentiable curve in a Riemannian manifold M(c), parameterized

by its arclength. Then γ is a bi-f -harmonic curve if and only if (for details, see [12])

−3k1k
′
1f

2 − 4k2
1ff

′ + ff ′′′ + f ′f ′′ = 0,

−k3
1f

2 − k1k
2
2f

2 + k′′1f
2 + 4k′1ff

′ + 3k1ff
′′ + 2k1(f ′)2 + ck1f

2 = 0,

2k′1k2f + k1k
′
2f + 4k1k2f

′ = 0,

k1k2k3 = 0.

(3.11)

We assume that γ : I → En is a differentiable curve in the n−dimensional Euclidean

space, defined on an open real interval I and parameterized by its arclength. Since En is a

Riemannian space form with c = 0, from the bi−f−harmonic curve equation given by (3.11)

we have [12]

Theorem 3.8. Let γ : I → En be a curve in the n-dimensional Euclidean space parameter-

ized by its arclength. Then γ is a bi−f−harmonic curve if and only if

−3k1k
′
1f

2 − 4k2
1ff

′ + ff ′′′ + f ′f ′′ = 0,

−k3
1f

2 − k1k
2
2f

2 + k′′1f
2 + 4k′1ff

′ + 3k1ff
′′ + 2k1(f ′)2 = 0,

2k′1k2f + k1k
′
2f + 4k1k2f

′ = 0,

k1k2k3 = 0.

(3.12)

Case 3.6. If k1 = constant 6= 0 and k2 = 0, then (3.12) reduces to

−4k2
1ff

′ + ff ′′′ + f ′f ′′ = 0, (3.13)

−k2
1f

2 + 3ff ′′ + 2(f ′)2 = 0.
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From the second equation above we obtain

f ′(5k2
1f

2 + 2f ′′) = 0, (3.14)

via the first equation of system (3.14) and we get

Theorem 3.9. Let γ : I → En be a curve in the n-dimensional Euclideanspace, parameter-

ized by its arclength, with k1 = constant 6= 0 and k2 = 0. Then γ is a bi−f−harmonic curve

if and only if either f is a constant function or f is given by

f(s) = c1 cos(

√
5

2
k1s) + c2 sin(

√
5

2
k1s), (3.15)

for s ∈ I and c1, c2 ∈ R.

Case 3.7. If k1 = constant 6= 0 and k2 = constant 6= 0, then (3.12) reduces to

−4k2
1ff

′ + ff ′′′ + f ′f ′′ = 0, (3.16)

−k2
1f

2 − k2
2f

2 + 3k1ff
′′ + 2k1(f ′)2 = 0,

f ′ = 0,

k3 = 0,

and we conclude

Theorem 3.10. Let γ : I → En be a curve in the n-dimensional Euclidean space, param-

eterized by its arclength, with k1 = constant 6= 0 and k2 = 0. Then γ is a bi−f−harmonic

curve if and only if the curvatures k1 and k2 satisfy:

−3k1k
′
1f

2 − 4k2
1ff

′ + ff ′′′ + f ′f ′′ = 0, (3.17)

−k3
1f

2 + k
′′
1f

2 + 4k′1ff
′ + 3k1(f ′)2 = 0. (3.18)

Let us examine necessary and sufficient conditions for which normal section curve γ be

bi-f - harmonic in the Riemannian space form. If we search non-geodesic solution.

Theorem 3.11. Let N be a submanifold of M(c). Then N has 3-planar normal sections

bi-f−harmonic for f(s) = c1 cos(
√

5
2k1s) + c2 sin(

√
5
2k1s) if and only if curvatures of planar

normal section curves are k1 = constant 6= 0 and k2 = 0 being solution of system (3.14).
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Theorem 3.12. Let N be a submanifold of M(c). Then N has 3-planar normal sections bi-

f−harmonic if and only if curvatures of planar normal section curves are k1 = constant 6= 0

and k2 = 0 satisfy;

−3k1k
′
1f

2 − 4k2
1ff

′ + ff ′′′ + f ′f ′′ = 0, (3.19)

−k3
1f

2 + k
′′
1f

2 + 4k′1ff
′ + 3k1(f ′)2 = 0. (3.20)
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